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Abstract. Using the ‘cut-and-project’ method we obtain seven- and nine-fold quasiperiodic
lattices. For such quasilattices the structure factors are calculated analytically through integration
in higher-dimensional spaces. The obtained formulae are compared with the direct numerical
calculations of Fourier transforms.

1. Introduction

The goal of this paper is to carry out analytical calculations of the diffraction pattern of a
certain class ofV-fold quasilattices which can be generated by a projection from a higher-
dimensional space [1]. Whereas the cas&vof 5 has been already examined many times
before [7] the generic case of > 5 does not seem to have been tackled. Several papers [2]
have been scarcely devoted to some scaling properties of the regarded diffraction patterns,
in relation to the self-similarity of quasilattices, which can be analysed without performing
analytical calculations of the structure factor. We would like to show that the mathematical
difficulties encountered by the extension of the calculation formalism from theXasé

to the generic one can be easily solved.

2. An N-fold quasilattice and its diffraction pattern

We consider a class a¥-fold quasilattices, wher&v is odd. These quasilattices can be
generated by the cut-and-project method [1, 7] fromAhdimensional space (see figures 1

and 2 for representatives of seven- and nine-fold quasilattices respectively). The quasilattices
can also be regarded as tilings built froﬁg—l kinds of unit rhombuses with angle%,

%, R % respectively. With respect to the way of generation they are similar to
the Penrose quasilattice, because both the orientation of the projectionRlamebedded

in the N-dimensional space, and the choice of the projection strip obey the same rules as
for the Penrose quasilattice. The projection pl&his chosen as an invariant subspace with
respect to a following permutatiog of the unit vectorse; of the N-dimensional space:

o(e;) = e; 1. More precisely, the vectors spanni&gread:

[2 2 \" [2 (. 2mj\"
v = (voj)g = ~ (cosTj) and  wo = (wo); = ~ (sm Tj> .
1 j=1

J=
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Figure 2. A nine-fold quasilattice.

The (V — 2)-dimensional perpendicular spagé falls in this case into a direct sum éffz‘—?’
planeskEq, E, ..., E¥ and a straight ling/ which are also invariant by application of the
mappingg. The base vectors of the consecutive subspaces take the form:

N N
: [2 2.21) [2 (i 220)
Eq: ~ <COST)j:l N (Sln T)j:l
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N
Ey: f(cos”’”) \/?(smzs’”)
j=1 j=1

N N
. 2 (N=1D)mj 2 (N=1)mj
EN2—3 N (COSTJ)jzl VN (Sln e )j:l
1
d:  J=@....1.
N ———r

N times
According to the general formalism of diffraction pattern calculations (see [1, 7]) of
guasilattices obtained by the cut-and-project method, the structure factor reads:

)

F(kH) = / dN ZFJ_ exp{lkL ’I”J_} (2)
k=kj+k,
whereW is a projection of the strip ont&+, andk; andk_ are projections of a wavevector
k = 2m(hy, ..., hy) from the N-dimensional reciprocal space down i and the (V-

2)-dimensional perpendicular spaée-, respectively. The sum runs over &l ’s being
assigned tdc; in such a way thak = k; + k. .

The presence of this sum in front of the integral will cause a reduction of the dimension
of the solidW. It is known that the minimal dimension of the hyperspace, needed to obtain
a N-fold quasilattice by the cut-and-project method, amount®') [3, 2] where¢ is the
Eulers totient function. The minimal dimension is also equal to the rank of the diffraction
pattern, i.e. to the minimum set of axis vectors which index the diffraction pattern of the
structure [4-6]. Because the dimensionffequals two, one expects, that one has indeed
to integrate oveK¢ (N) — 2)-dimensional solids. Let us try to substantiate this statement.

In the case of the quasilattices which we examine there is no one-to-one correspondence
amongk; andk, . It is due to the fact that the perpendicular spéceintersectsZ”. The
dimension of this intersection is equal to the ‘surplus of dimensigns' N — ¢(N). Let
us assume thaf* NZ" is spanned by a set of vectdig;}7_;. Let us now take an arbitrary
k. and add a vector2V', whereV = nia1+---+n,a, € E+NZN, toit. This addition
leads obviously to another, differerit; = k, + 27V, which is, however, assigned to the
samek, because the projection oftd” onto E equals zero.

After replacingk, by k' in formula (2) we obtain:

+00

F(k)) = / dV =2 exp{ik. - 7.} Z exp{i2rniair,}- ... exp{i2rn,a,r, }
w n1,..., n,=—00
+00
:/ dN_ZVJ_ exp{ikL-rL} Z (S(al'l‘J_—/’ll)-...-S(GPT'J_—]’ZP) (3)
w Ry, h,,:—oo

where we applied the following relatioh>° _expf{i2rrn} = > /°° 8@ — h). The
product ofp = N — ¢(N) delta functions occurring in (3) will diminish the dimension of
the solids, over which we have to integrate, from—2) to (N —2— p) = (¢(N) — 2) as
expected.

Let us now apply these considerations to the cagées 7 andN = 9.

First of all we have to determine the intersectisrf N ZY. After some lengthy, but
straightforward calculations we obtain the following result:

(n3, n3, n3, n3, n3, n3, n3) for N =7, Wheren3 el

EtnzN = 4)
(n1, n2, n3, n1, np, N3, N1, N2, N3) for N =9, whereny, ny, n3 € Z.
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Actually, if we decompose the above vectors to the base vectd@saot £+ the components
parallel toE vanish

—n1 — ny + 2n3 3
(n1,n2, n3, n1, N3, N3, N1, N2, N3) = ————————V + ?(”1 — na)wy

3

+n1+l;2+n3d

wherewv,, w, are base vectors df> and read:

N 67 \\" v (o (6r \\"
v = (v2j)j, = | COS ?] wy = (w2;)j—1 = | SIN ?]
j=1 j=1

and
d=(@1,...,1).

——
N times

Therefore a transformation

. k + 27 (n3, ns, n3, n3, n3, n3, n3) forN =7
"W k4 21 (n1, na, n3, n1, n2, na, na, na, n3) for N =9

changesk; but has no influence ok. Projectingk onto the appropriate spacésand
E+ and denoting the appropriate projectionsmaandz yields:

Ejnew= 1k =k
becausev,, w, andd are perpendicular t&, and
k, +27(0,0,0,0, n3) forN =7
Einew=n"k=1k + %T(O, 0, —n1 — na + 2n3, v/3(n1 — n2), 0, 0, n1 + na + n3)
for N =09.

Taking advantage of the above, on the basis of formula (3), we obtain expressions for the
structure factor.
ForN =7 andr, := (rLj)f:1 we obtain:

F(k)) = f dV=%r, explik. -7} 25013 —ris). (%)
w hs3
For N =9 andr, := (rLJ-)j:1 one finds:

F(kp) =9 / d"?r expliky - 71} Y 8(3h1— (—ris+ V3ria+ri7)
w

h1,h2,h3
:8(3hz — (—r13 — V3ria+r17) - 8(3hs — (2ris+r17)). (6)
Ultimately the above formulae take the following form.
ForN =7

Fipy =" drPdr® expitk - r® + £ - rP) - expitksha}  (7)

hy Y Pig
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and forN =9
ha,ho.hs ¥ Phihg.hg
; —hy —hy+2hs /3 .
X eXpl{k(f) . <%, 7(]11 — hz))} - expitkz(hy + hy + h3)}

®)

where we decomposed thi&/ — 2)-dimensionalk; andr, vectors to their components in
the consecutive invariant subspades ..., E3 andd:

&P K ks) for N =7
1=
kP kP kD ko) for N=9

On the basis of (5) and (6) the solid, , ,, and P,, occurring in the integration limits
are determined as intersections of the winddwwith certain hyperplanes:

and analogically for .

Py, = W N {rs = hs}

3 2 N
Phl,hz,hg =WnN{(r3, ra,r7) = (Zh/ COS?I, Zhl Sin ?l, Zh[) .
=1 =1

=1

They are complicated four-dimensional polytopes and can be described as unions of linear
combinations of certain four-dimensional vectors with some additional constraints imposed
on the coefficients

’ 4 ey 6r \ . (67
Py, = {;éj (cos(%j), sin (77[]) cos(?;),sm (771]))
7
56 = ha ands; € 0. 11} ©
j=1
2
Z§3j+p=hp
j=0

P = 29:5 cos Ar sin Ar cos 8 sin 87
h1,ha,hg -= ~ J 9 J ) 9 J ) 9 J ) 9 J

wherep =1,..., 3 and¢; € [0, 1]}. (20)

An essential difficulty which we encounter now is the necessity of integration over fairly
complicated four-dimensional polytopes. This can, however, be done by decomg@sing
and Py, », 1, iNto a union of simpler solids, so-calleimplices

4
S =S (w], ... w)) = { > Hw)
k=1

4
Y & <L &eO 1)}
k=1

having disjoint interiors.
The decompositions read:

t[hs] t[h1,h2,h3)

) ()
Ph3 = U Sh3 Phj_,hz,hs = U Shl,hz,hS (11)
=1 =1

wheret[h3] and t[h1, hy, k3] stand for the number of simplices and
INt(S7, N Sh.) = N(S}, e O Shopn) = (@) fori ).
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The integrals over simplices(w;,...,ws) can be easily calculated analytically by
performing the following variable substitutian:= Z;.‘zl &w;:

.....

4 D
i i(kow;)t = ——
xexp{|jzlgj( w,)} T

X[ 1 (f(Al)_f(A4)_f(AS)_f(A4))

(A1 — Ag) Ay — Aq Az — Ay
_ 1 (f(Az) — f(A))  f(A3) —f(A4)>}
(A2 — A3) Az — Ay Az — Ay
sin3

where D = detfws, wa, w3, wa], A; = kw; and f (x) = €'z (12)

X

N

Using formulae (8), (7) and (12), we are able to calculate the structure factor analytically,
provided we know theimplicial decompositionsf the polytopesP,, and Py, j, »,. In other
words, the problem we face, is based on the following two steps.

(1) Expressing the polytope®,, and Py, »,», as convex hullsof certain sets of
vectors. For each of the considered polytopes we are looking for four-dimensional vectors
ws, ..., w, such that the smallest convex set comprising them equals to the appropriate
polytope:

Py, = { > gw;
=1

(2) Finding the simplicial decompositions (11) af,, and Py, ., it means
decompositions into simplices with disjoint interiors.

The first step is presented in the appendix. Different algorithms for simplicial
decompositions of convex polytopes or equivalently finding all facets of a convex polytope
can be taken from [8]. We have, however, devised an algorithm ourselves, treating this case
as an interesting problem of linear programming.

> & =1andg > 0} and accordingly forP,, , ..
=1

3. Comparison with numerical calculations in physical space

A final verification of the correctness of our considerations is a comparison with the structure
factor calculated directly from its definitiofA (k) := ), exp{ik - r}. For this purpose, one

has to generate a sufficiently big cluster of atoms so that the results of the numerical
calculations depend on neither the size nor the shape of the cluster. One achieves that by
taking the number of atoms of the order of 2000 and 5000 for the seven- and nine-fold
guasilattices, respectively. In figures 3 and 4 one can see cross sections of the diffraction
pattern of seven-fold quasilattices along thie and X-axes, respectively. The solid line
represents the numerical calculations, whereas the analytical results obtained from formulae
(8), (7) and (12) are marked with dots. There is a perfect coincidence both for the positions
of peaks and their intensities. The full two-dimensional diffraction pattern exhibiting a
marvellous 14-fold symmetry has been presented in figure 5. In a similar way we have
presented the diffraction pattern of the nine-fold quasilattice. Figures 6 and 7 show cross
sections of the diffraction pattern along the and X-axes, respectively. The full two-
dimensional diffraction pattern has been presented in figure 8. As far as the positions of
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Figure 5. Diffraction pattern of the seven-fold quasilattice.
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peaks are concerned, there is an agreement among the analytical results and the numerical
calculations. There are, however, some deviations in the amplitudes of certain peaks.
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These discrepancies decrease systematically with the number of sites of the cluster used to
numerical calculations. It seems that the convergence of the Fourier transforms of a finite
cluster is much slower then in the case of the seven fold quasilattice. This may be due
to the fact that the number of integrals in the formulae for the structure factor (8), (7), or
equivalently the number of different polytopes, over which one has to integrate, is greater
than in the former case of the seven-fold quasilattice. It is worth remarking that we achieve
a faster convergence of the numerically calculated structure factor for symmetric, round
shape clusters as shown in figures 1 and 2.

4. Conclusions

The calculated diffraction patterns exhibit the following properties.

(1) They have a X-fold symmetry which is a consequence of tNefold symmetry of
the quasilattice and an invariance of the diffraction pattern with respect to inversion.

(2) They have certain scaling features, following from the invariance of the quasilattices
under inflation, see [2].

(3) The diffraction spots, that is ak assigned to non-vanishing peaks, fill the plane
densely.

In this paper we have investigated in details the cases of seven- and nine-fold
guasilattices. The choice of right these valueshofwas mostly due to the fact that in
both cases the polytopes in the perpendicular space are four-dimensional and thereby the
formalism of calculations is similar. Itis, however, worth to emphasize that the consideration
of the generic case, where is an arbitrary integer, does not present substantial difficulties.

Acknowledgments
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Appendix. Presenting the four-dimensional polytopesP,, and Py, n, n, 8S cOnvex
hulls of certain sets of vectors

Let us note that both kinds of polytopé%, and P, », », Can be presented as a projection
of a certainN-dimensional solid down to the perpendicular spéce

A.1l. The cas&V =9

Let us focus onPy, 1, », and define a following multitude of points embedded in the nine-
dimensional space:

2
Z$3j+p:hp,p=1,...,3andéj6[0,1]}. (13)
j=0

Shihohs = {(‘51, Y,

The above solid, which is actually an intersection of the unit hypercube with a hyperplane
given by the right-hand side equations in (13), yields our four-dimensional polyRope .,
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when projecting ontaE; @ E3 (cf (10)). The perpendicular spade" has the following
decompositionE+ = E; @ E, ® Es ® d (see (1)).

1
Phyhohs = T Shyhohs

wherex is a projection ontaE; @ Es.

P, 0 1S @ convex hull of the projections of all vertices of the underlying nine-
dimensional solidSy, 4, 1,

The only point which remained now is to find the vertices of the s8jid,, »,. Taking
an attentive look at definition (13) leads to a conclusion that the $pligl, ,, can be treated
as a Cartesian product of three three-dimensional solids:

1 2 3
Shyhahy = S;(ll) ®52® S,(,s)

/12

2
whereS}(,” = {(Zgapﬂeapﬂ‘)
p=0

wheree; is a unit vector from the canonical base in nine-dimensional space.
Therefore the sought after vertices $f, , », can be obtained as all possible sums of
vertices of the consecutive solidg.’, 5;2, S>. In other words, they take the form:

2
S =hgebal  a)
p=0

w + w? +w® wherew|” are vertices ofs"). (15)

On the other hand, we can easily find the vertice&%ﬁ)f, they read:

€30+, €314/, €324 if h =1 (equilateral triangle)
vertices ofS\”) = { —es0,;, —€31,j, —€324; if h = 2 (inverted triangle) (16)
0 if h =0 orh =3 (a point).

Actually the vertices ofsy” differ from formula (16) and read
€30+ + €314j,€e31y; + €321, €321 + €304

but after projecting down t&+ we get the same vectors in both cases.

Making use of both above formulae (15) and (16) and taking into account that the
indiceshy, ho, hz can only accept integer values ranging from 0 to 3 we have enumerated
all possible, different polytopesS;, »,.n, and their vertices in table Al. Two polytopes are
considered to be different if they cannot be transformed into each other through an inversion
or an orthogonal transformation. The manner in which the polytopes change after applying
certain transformations is expressed in the following lemma.

Lemma.Let /1 be an inversion ang an orthogonal transformation defined as follows

cos(%)  sin(%) 0 0

| =sin(%)  cos(%) 0 0
- 0 0 cos(&) sin(%)
0 0 —sin(&) cos(&)

Then following equalities hold:
IIPy pyhy = P3—py,3-hy,3-h5 and &Py hons = Phyhg iy

In other words an application of the ‘rotatiog’is due to a transition to another polytope
with cyclic permuted indices.
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Table Al. A list of all possible different solids, 4, 15 €; iS a unit vector from the canonical

base.
Number

h1 ho h3 Vertices Of Sy, hy,ha of vertices h1+ho+ h3 Remarks
1 0 0 es3pil 3 1

0 1 0 e3p42 3 1 border set
0 0 1 €3p+3 3 1

1 1 0 €3p+1+ €342 9 2

0 1 1 e3pt2 +e3443 9 2

1 0 1 €3p+3+e3qi1 9 2

2 0 0 —€3.p 41 3 2

0 2 0 —e3p42 3 2 border set
0 0 2 —€3.p+3 3 2

1 1 1 e3p+1+ €342+ €e3,43 27 3

2 1 0 —€3p+1+ €3442 9 3

0 2 1 —e3.p+2 + 3443 9 3

1 0 2 —€3p+3 + €34+1 9 3

2 0 1 —e3p+1+ €34+3 9 3

1 2 0 —e3.p4+2 + €e34+1 9 3

0 1 2 —e3p+3 + €34+2 9 3

2 1 1 —e3.p+1 + e3442+€e3,43 27 4

1 2 1 —e3pi2+ e3413+ ez 1 27 4

1 1 2 —e3.p+3 + e3441 +€e3,42 27 4

2 2 0 —e3.p+1 — €34+2 9 4

0 2 2 —€3p12 — €3443 9 4

2 0 2 —€3p+3 — €34+1 9 4

3 1 0 €3.4+2 3 4

0 3 1 e34+43 3 4 border set
1 0 3 €34+1 3 4

3 0 1 €34+3 3 4

1 3 0 e34+1 3 4 border set
0 1 3 €34+2 3 4

Proof. It holds per definitiong(v;) = v;_1 wherewv; := (cos(% j), sin(% ), cos(% j),
sin(% j)). Thus,

N N
Do Egw) =) &y,
j=1 j=1
and under the transformatignthe coefficientss; change as follows

§ — nj =§j41.
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Thereafter the index of the ‘rotated’ polytope reads

2 2
/
h, = E N3.j+p = E §3jtpt1 = hpia.
j=0 j=0

Note that/ I (v;) = —v; = > _;; vk Itis due to the fact thad p_, v = 0.
Therefore,

N N
DEN@) =) 6 we=) v &
j=1

Py ko j#k

It means that under the inversidd &§ — n; = >, &. The remainder of the proof is
now straightforward. The index of the ‘rotated’ polytope reads:

2

2 9 2
h‘/,,=Z?73-j+p=Z Z §k=3'25k—Zés-j+p=3(h1+h2+h3)—hp~
=0

j=0 k#3j+p k=1 j=0
Taking the result modulo 3 we obtair), = 3 — h,,. O

Note that not all polytope®;, »,», are relevant for our considerations because some of
them are border sets which have zero-volume and therefore the integrals over them in (8)

vanish. Altogether, there are six different polytopes, plus their images under the mapping
g, which have to be taken into account by our analytical calculations (see table Al).

A.2. The cas&v =7

The solids P,, (see definition (9)) are even simpler to investigate than the former case.
Reasoning similarly as in section A.1 leads to the following conclusion.

Statement.P,, is a convex hull of the projections of all vertices of an underlying seven-
dimensional solidS,, which is defined as follows

Shy 1= {(517 87

7
> & = hs andg; € [0, 1]}.
j=1

Table A2. All possible different solidsS,,. e; is a unit vector from the canonical base.

Number
hz  Vertices ofSy, of vertices Remarks
1 e; 7
2 e +eit1 3.7 All possible sums
e +eit2 of pairs of vectors
e +ei3 e +ei#j
3 eit+et+1+es2 57 All possible sums
ei+et2+ea of triples of vectors
e t+e3teip e +e +e i< j<k

e +eits+eiye
e +et1teq3
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This solid is indeed an intersection of a seven-dimensional unit hypercube with a
hyperplane determined by the equation on the right-hand side of the def@ﬁgmj = hs.
Due to the fact that the hyperplane is six-dimensional, all vertice$, pfire obtained as
intersections of the hyperplane with all edges of the unit hypercube. There Afedges,
each of which can be described as a multitude of paiishaving the following property.
Exactly one component of these points is an independent variable ranging from 0 to 1,
whereas the other components can accept exactly two values, either 0 or 1, that is

(&) =(01,...,0p-1,1p,0p41,...,67) wheret, € [0, 1], 6; € {0, 1}.

Inserting the above expression to the definition of the hyperplane yiglds:z — Zk;ﬁp Ok -

It follows thatz, has to be an integer either 0 or 1, because b@mndzk#p 6, are integers
andr, € [0,1]. Therefore, considering sequentially the casgs= 1,2, 3 we calculated
the vertices of the solids;, and enumerated them in table A2. It turns out that we can
limit ourselves to the caség = 1, 2, 3 because the solid$,, (and accordingly?,,) change
under inversion in the following fashior’:1 S, = S7_,,. Because of that the polytopés,

for h3 = 4,5, 6 are inversions of the appropriafe_,.

A.3. General remarks

It is also worth paying attention to another meaning of the information gathered in tables Al
and A2. The volumes of the polytop&s, and P, ,, », determine the occurrence frequency

of certain vertices in our quasilattice. Let us focus Bf ,, and denotery, ..., ng as
indices of a vertex in the nine-fold quasilattice. From the homogeneous distribution of the
grid-points in the perpendicular spgcend from the definition of the polytopeB,, , x,

it follows that the volume ofP;, », », determines the occurrence frequency of vertices for

which h, = Y2 gna .
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